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0\ , Abstract 

Black hole generalized p-brane solutions for a wide class of intersection rules 
are obtained. The solutions are defined on a manifold that contains a product of 
O . n — 1 Ricci-flat "internal" spaces. They are defined up to a set of functions Hg 

\^ \ obeying a non-linear differential equations (equivalent to Toda-type equations) with 

If) • certain boundary conditions. A conjecture on polynomial structure of governing 

functions Hg for intersections related to semisimple Lie algebras is suggested. This 
conjecture is proved for Lie algebras: Am , Cm+i , m > 1 . Explicit formulas for 
A2 -solution are obtained. Two examples of A2 -dyon solutions (e.g. dyon in D = 11 
^^ , supergravity and Kaluza-Klein dyon) are considered. Post-Newtonian parameters 

f^ ! P and 7 corresponding to 4 -dimensional section of the metric are calculated. It 

is shown that /? does not depend upon intersections of p-branes. Extremal black 
2^ ' hole configurations are also considered. 
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1 Introduction 



At present there exists an interest to the so-called M -theory (see, for example, |T|]-[0). 
This theory is "supermembrane" analogue of superstring models in D = 1 1 . The 
low-energy limit of M -theory after a dimensional reduction leads to models governed by 
a Lagrangian containing a metric, fields of forms and scalar fields. These models contain 
a large variety of the so-called p-brane solutions (see 



49|| and references therein). 



In 1^01 it was shown that after the dimensional reduction on the manifold Mq x Mi x 
... X Mn when the composite p -brane ansatz for fields of forms is considered the problem 
is reduced to the gravitating self-interacting cr -model with certain constraints imposed. 
(For electric p-branes see also ||2^, ^, 0.) This representation may be considered as a 
tool for obtaining different solutions with intersecting p-branes. In PD] , PT| , P] , ^ ^ | the 



Majumdar-Papapetrou type solutions (see [^) were obtained (for non-composite case 
see 1^, ^). These solutions corresponding to Ricci-flat factor-spaces {Mi,g'^), {g' is 
metric on Mi ) i = 1, . . . , n , were also generalized to the case of Einstein internal spaces 

30(| . Earlier some special classes of these solutions were considered in [^, 0, |l^, ^, 
p6| , |27[] . The obtained solutions take place, when certain (block-)orthogonality relations 
(on couplings parameters, dimensions of "branes", total dimension) are imposed. In 
this situation a class of cosmological and spherically-symmetric solutions was obtained 

36| , Q ^. Special cases were also considered in [jl8|, ^ | 
horizon were studied in details in 1T|, 0, |9|, |6|, |8], |1|, ||, g^] . 



35 . The solutions with the 



In models under consideration there exists a large variety of Toda-chain solutions, 
when certain intersection rules are satisfied |^. Cosmological and spherically symmetric 
solutions with p -branes and n internal spaces related to Am To da chains were previously 
]f8],[lland[|5|,[ 



considered in 



. Recently in |4^ a family of p -brane solutions depending 
on one harmonic function with next to arbitrary (up to some restrictions) intersection 
rules were obtained. These solutions are defined up to solutions of Laplace and Toda- 
type equations and correspond to null-geodesies of the sigma-model target-space metric. 
Here we consider a family of spherically-symmetric and cosmological type solutions 
from [^ (see Sect. 2) and single out a subclass of black-hole configurations related to 
Toda-type equations with certain asymptotical conditions imposed (Sect. 3). These black 
hole solutions are governed by functions Hg = Hs{R) obeying a set of second order non- 
linear differential equations with some boundary relations imposed. For positively defined 
scalar field metric (ha/^) all p -branes in this solution should contain a time manifold (see 
Proposition 1 from Sect. 3). This agrees with Theorem 3 from Ref. |^^ (for orthogonal 



case, see also 3S 



In Sect. 4 we suggest a hypothesis: the functions Hg are polynomials when intersection 
rules correspond to semisimple Lie algebras. This hypothesis (Conjecture 1 ) It is also 
confirmed by special black-hole "block orthogonal" solutions considered earlier in PU| , O, 

^ . An analogue of this conjecture for extremal black holes was considered earlier in 
(see Conjecture 2 in Sect. 7). 

In Sect. 5 explicit formulas for the solution corresponding to the algebra A2 are ob- 
tained. These formulas are illustrated by two examples of A2 -dyon solutions: a dyon in 
Z^ = 11 supergravity and Kaluza-Klein dyon. In Sect. 6 post-Newtonian parameters /3 
and 7 corresponding to 4 -dimensional section of the metric are calculated (for special 



"block orthogonal" case see [46, 47]). In Sect. 7 extremal black hole solutions are consid- 
ered. These solutions forms a subclass in a class of more general solutions depending on 



one harmonic function obtained recently in [49 



2 Solutions with p-branes depending on one vari- 
able 



We consider a model governed by the action ^0\ 



S = fd^'x^llRig] - Kf^g^'^dM^'^dr,^^ - Y. —^ exp[2XM]{F'^A (2.1) 

where g = gMNix)dx^'^ ® dx'^ is a metric, (f = (v?") G R' is a vector of scalar fields, 
(hajs) is a constant symmetric non-degenerate / x / matrix (/ G N) , 6a = ±1 , 



F« = dA'^ = —FIj^j^,^/z^^ a ... a dz^-^ 



(2.2) 



is a n^-form (n^ > 1 ), A^ is a 1-form on R' : Xai'-P) = ^aa^"" , a G A , a = 1, . . . , / . In 
( ^ we denote \g\ = \ det(5fM7v)| , 



(F 



a\2 77a 



)g- ■•' Ml...Mna-^ Nl...Nna^ 
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(2.3) 



aGA. Here A is some finite set. 

Let us consider a family of one- variable sector solutions to field equations correspond- 
ing to the action (|2.1| ) and depending upon one variable u [|^. These solutions are 
defined on the manifold 



M = (u_, M+) X Ml X M2 X . . . X M„, 
where (m_,m+) is an interval belonging to R. The solutions read [^ 

(?=[[] [/^(w)]2'iU^)'^^/(^-2)') |[/^(^)]2rfi/{i-'^i) exp(2ci« + 2ci) 

n 

x\w 



(2.4) 



(2.5) 



n -, 

du®du + fl{u)g'] + E(n [^(«)]"''^'"0 ^M'^^'u + 2c^)^n, 



i=2 seS 

exp(^") = f n /'^"^'"^ 



exp(c"u + c") 



ses 



(2.6) 
(2.7) 



a = 1, . . . , / . In ( pTsD w = ±1 , 5f* = gii,n,{yi)dyT' ® c^Z/r is a Ricci-fiat metric on Mj 
i = 2, . . . , n , the space {g^^ Mi) is an Einstein space of non-zero curvature: 



ii fi„i 



Rmn[9 ]=i 9 



(2.8) 



^ V , and 

Su = J2^^j (2.9) 

is the indicator of i belonging to / : 6ii = 1 ioi i E I and 6ii = otherwise. 
The p-brane set S is by definition 

S = SeU 5„, S, = UaeA{a} X {v} X (],,„ (2.10) 

V = e,m and r2ae,f^a,m C fi, where Q = Q{n) is the set of all non-empty subsets of 
{2, . . . ,n} . Hence all p-branes do not "live" in Mi . 
Any p-brane index s E S has the form 

s = {as,Vs,Is), (2.11) 

where a^ G A , Vg = e,m and Is G ^as,vs ■ The sets Se and S'm define electric and 
magnetic p-branes correspondingly. In (|2.6|) 



X. = +1,-1 (2.12) 

for s G Se, Sm respectively. In ( p.7|) forms 

^^=a[n/s'^^n^«/\^(^^)' (2-13) 

s G 5*6 , correspond to electric p -branes and forms 

r = Qsr{Is), (2.14) 

correspond to magnetic p -branes; Qs ^0, s E S . In (|2.14|) and in what follows 

I={l,...,n}\I. (2.15) 

All the manifolds Mj , i > 1 , are assumed to be oriented and connected and the 
volume (ij -forms 

'r^ = ^myi)\ dylA...A dyf% (2.16) 

are well-defined for all i = l,...,n. Here di = dimMj , i = l,...,n (in spherically 
symmetric case Mi = S'^'^ ), di > 1 , D = 1 + ^27=1 di , and for any / = {ii, . . . , i^} G fl , 
zi < . . . < Zfc , we denote 

r(J) = r,,A...Ar,,, (2.17) 

Mj = Mi,x...xMi^, (2.18) 

rf(/) = dimMj = ^ di. (2.19) 

The parameters /is appearing in the solution satisfy the relations 

hs = K;\ Ks = Bss, (2.20) 



where 

Bss> = d{h n /.O + ^^i^fMM + XsXs'Ka^Pa,h'^^ (2.21) 

s^s' & S , with (/i""^) = {hap)~^ ■ Here we assume that 

(i) B,, ^ 0, (2.22) 

for all s E S , and 

(ii) det(5,,0 ^ 0, (2.23) 

i.e. the matrix {Bsgi) is a non-degenerate one. In p.l3| ) another non-degenerate matrix 
( "a quasi-Cartan" matrix) appears 

{A,,,) = {2Bss'/B,,,,) . (2.24) 

Here some ordering in 5* is assumed. 

This matrix also appears in the relations for 

/, = exp(-g^), (2.25) 

where {q'^) = (^^(m)) is a solution to Toda-type equations 

r = -B,exp{J2'^ss'q''), (2.26) 

s'g5 

with 

Bs = 2K,As, A, = ^SsQl (2.27) 

e, = {-e[g])(^'^sy^eiQea^, (2.28) 

s E S , e[g] = signdet(5'MAf) . More explicitly ( |2.28|) reads: Eg = e{Is)9a^ for f s = e and 
Es = -e[g]e{Is)9a, , for Vs = m . 
In (ED 



fi{u) = Rsh{JCiu), Ci > 0, ^iw > 0; (2.29) 



Rsm{^\Ci\u), Ci < 0, ^iw > 0; (2.30) 

Rchi^Jc'iu), Ci > 0, ^iw < 0; (2.31) 

16(^/1-1)1'/'^, Ci = 0, 6^>0, (2.32) 

where Ci is constant and R = \$,i{di — 1)/Ci|^/^ . 

Vectors c = (c^) = (c*, c") and c = (c"^) satisfy the linear constraints 

W{c) = ^ did - XsKac'' = 0, (2.33) 

W{C) = Y. d,e - XsXa.aC" = 0, (2.34) 



seS, 



and 



where 



U\c) = -c^ + J2djc' = 0, (2.35) 

n 

U\c) = -c^ + J2 djc' = 0, (2.36) 



r n 1 / " \ ^ 

Ci-^ = 2Etl + h^pc'^c^ + E ^^(cT + -1 7 E d^c' , (2.37) 

"1 ~ -■- i=2 di- i \.^2 / 

^TL = ^ E hsAss'Q'q'' + E ^^ exp(E ^.'/), (2.38) 

^ s,s'es ses s'es 



is an integration constant (energy) for the solutions from (|2.26| ). 



We note that the eqs. (|2.26| ) correspond to the Toda-type Lagrangian 

^TL = \ E hAss'^r' - E^«exp(E A,s'q''). (2.39) 

Remark 1. Here we identify notations for g^ and g"^ , where g^ = p*g^ is the pullback 
of the metric g^ to the manifold M by the canonical projection: pi : M ^ Mi , i = 
1, . . . ,n . An analogous agreement will be also kept for volume forms etc. 

Due to (|2.13|) and ( p.l4| ), the dimension of p-brane worldsheet d{Is) is defined by 



d{Is)=n,,-l, d{h) = D-na,-l, (2.40) 

for s G S'e, Sm respectively. For a p-brane: p = Ps = d{Is) — 1 • 

The solutions are valid if the following restrictions on the sets Vta^v are imposed. 
These restrictions guarantee the block-diagonal structure of the stress-energy tensor, like 
for the metric, and the existence of a -model representation |Q (see also [^). We denote 
1^1 = {i\i G {2, . . . , ra}, (ij = 1} , and ni = \wi\ (i.e. ni is the number of 1-dimensional 
spaces among M, , i = 1, . . . ,n). 

Restriction 1. Let la) rii < 1 or lb) ni > 2 and for any a G A, v E {e,m} , 
i,jEwi, i < j , there are no I, J E VLa,v such that i E I , j E J and I \ {i} = J\ {j} ■ 

Restriction 2. Let 2a) rii = or 2b) ni > 1 and for any a G A , i E Wi there are 
no I E Qa,m , J ^ ^a,e such that I = {i} U J . 



These restrictions are satisfied in the non-composite case [^, ^: \^a,e\ + \^a,m\ = 1 , 
(i.e when there are no two p-branes with the same color index a , a E A .) Restriction 1 
and 2 forbid certain intersections of two p-branes with the same color index for tt-i > 2 
and ni > 1 respectively. Restriction 2 is satisfied identically if all p-branes contain a 
common manifold Mj (say, time manifold). 

This solution describes a set of charged (by forms) overlapping p-branes [ps = d{Is) — 
1 , s E S) "living" on submanifolds of M2 x . . . x M„ . 



2.1 t/* -vectors and scalar products 

Here we consider a minisuperspace covariant form of constraints and corresponding scalar 
products that will be used in the next section. The linear constraints ( p.33| )-( p.36D may 
be written in the following form 



[/'^(c) = f/;c^ = 0, U'{c) = f/^c^ = 0, 



r = s, 1 , where 



s = {as,Vs,Is) e S , and 



(UX) = idiSil^,-XsKas), 



{U\) = {-6l + d.,0), 



:2A1] 



(2.42) 



(2.43) 



A = (i, a) . 

The quadratic constraint ( p. 37] ) reads 



E = Ei + Etl + ifABC^c'' = 0, 



where Ci = 2Ei{U\U^) , 

{di > 1) and 

{Gab] 
is the target space metric with 



{U\U') = l/d,-l, 



Grjj (J 

hap 



^ij ^iOij fljflj, 



i,j = l,...,n. In ( |2.45| ) a scalar product appears 



(U, U') = G'^'^UaU'^ 



By 



(2.44) 
(2.45) 

(2.46) 

(2.47) 
(2.48) 



where U = Uaz^ , U' = Uaz"^ are linear functions on R"+' , and {G^^) = {Gab)^^ 
The scalar products (|2.48|) for co-vectors f/"* from (|2.42|) were calculated in |3^ 



{U',U'') = B. 



ss' 1 



(2.49) 



s,s' e S (see (|]2T|)). It follows from (g^ and (|^ that the vectors U' , s E S, 
are linearly independent. Hence, the number of the vectors U^ should not exceed the 
dimension of the dual space (R""*"')* , i.e. 



We also get m 



\S\ <n + l. 

(f/^[/l) = o, 



(2.50) 
(2.51) 



for all s & S . This relation takes place, since all p-branes do not live in Mi: /^ G 
{2,...,n}. 

Intersection rules. /^From (|2.20|) , ( |2.21|) and (p.24|) we get the intersection rules 
corresponding to the quasi-Cartan matrix {Ass') 



d{Is n /, 



d{Is)d{Is 
D-2 



XsXs'Ks ■ Aa,, + -Ks'Ass', 



where A^, ■ A^^, = Kas^pa^ih"^^ , s, s' G 5 . 

The contravariant components Lf^^ = G^^U^ reads ||30|, |36 



(2.52) 



U' 



u; = ««. - ^ 


-2' 


jJSU 


t/" ^ 4. 

di 


^la 


= 0, 



-XsA:^ 



s G S* . Here (as in ||53| 



■ 5'^ 1 
G'^ = — A = — 



(2.53) 
(2.54) 

(2.55) 



i,j = l,...,n, are the components of the matrix inverse to (Gjj) from ( |2.47| ). The 
contravariant components (|2.53| ) and ( p.54|) occur as powers in relations for the metric 
and scalar fields in ( |2.5| ) and (PTB|). 

We note that the solution under consideration in a special case of A^ Toda chain was 
obtained earlier in PH|. Special AiQ) ■ ■ ■ (B Ai Toda case, when vectors f/'^ are mutually 



orthogonal, was considered earlier in [^ (for non-composite case see also [^, |3^, pHp. 
For a (general) block-orthogonal set of vectors f/^ special solutions were considered in 



39, ra. 



3 Spherically symmetric solutions. Black holes. 

3.1 The choice of parameters 

Here we consider the spherically symmetric case: 



w = l, Mi = S^\ g^ = dn 



dl' 



(3.1) 



where dQ"^ is the canonical metric on a unit sphere S'^'^ , di > 2 . In this case ^^ = di — 1 . 
We also assume that 

M2 = R, c/^ = -dt ® dt, (3.2) 

i.e. M2 is a time manifold. 

We put Ci>0. In this case relations (^]^-(^]^ read 






/^ 



dM, Ci = 0. 



(3.3) 
(3.4) 



Here and in what follows 

d = di-l. (3.5) 

Let us consider the null-geodesic equations for the light "moving" in the radial direction 
(following from ds"^ = 0): 



_ i/{l-di)^(ci-c2)u+ci-c2 -p-|- f-2hs5: 

equivalent to 



^ ^ ^dl/{l-dl)^(cl-c2)n+El-c2 TT J-2hsS2i, ^ /g yN 

se5 



t-to = ± r du<^{u), (3.8) 

Juo 

where tQ,uo are constants. 

Let us consider solutions (defined on some interval [uq, +oo) ) with a horizon at m = 
+00 satisfying 

r+oo 

/ du^u) = +00. (3.9) 

Here we restrict ourselves to solutions with Ci > and linear asymptotics at infinity 

q' = -/3'u + p' + o{l), (3.10) 

u — »• -l-cxo , where (3^^,13^ are constants, s G S* . This relation gives us an asymptotical 
solution to Toda type eqs. ( |2.26| ) if 

Y, Ass'(3'' > 0, (3.11) 

s'&S 



for all s G S . In this case the energy (|2.38|) reads 



^TL = \ E hsAs'P'P''. (3.12) 

^ s,s'es 

Remark 2. For positive-definite matrices {hgAss') and {hap) we get from l \2. 3^ and 



( ^.13i ): Etl > , Ci > . (For the extremal case Etl = Ci = see Sect. 7.) According 
to Lemma 2 from j^/ black hole solutions can only exist for Ci > and the horizon is 
then at u = oo . 

For the function (|3.7|) we get 



<l>(M)~<l>oe^", u^+oo, (3.13) 

where $o 7^ is constant, 



f3 = c'-c^ + ^C,h, + E PshsS2i,, (3.14) 

s&S 

and 

h, = {U\U')-' = Y^^- (3.15) 
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Horizon at m = +cxd takes place if and only if 

p>0. (3.16) 

Let us introduce dimensionless parameters 

b' = pyJcl, b^ = c^/Jcl, (3.17) 



where s E S , A = {i,a) , Ci > . 

Thus, a horizon at m = +oo corresponds to a point b = (6*, 6"^) G R' '^"^ satisfying 
the relations following from (|2^ ), (|2^ ), (|3Tl| ), (|1|) and (|3TI^) -(|3l7D: 



f/;6^ = 0, r = s, 1; s G ^, (3.18) 

^ ^ hA^s'b'b'"' + GABb^b'' = |/ii|, (3.19) 

E ^-'^'' > 0' (3-20) 

/(6) = 61-62 + 5: bsK52i^ > M. (3.21) 

Proposition 1. Let matrix {hap) be positively defined. Then the point b = {b^,b^) 
satisfying relations i\3.18j - ^.2J\ ) exists only if 



2 G Is, Vs G S, (3.22) 

(i. e. all p-branes have a common time direction t ) and is unique: b = bo , where 

b^ = -5^ + hiU^^ + Y. hsblU'^, (3.23) 

bl = 2Y^A^', (3.24) 

s'ms 

where s E S, A = {i,a) , and the matrix {A^^ ) is inverse to the matrix {Ass>) = 
{2{U\U'')/{U'\U'')). 

Proof. Let £" be a manifold described by relations ( |3.1(j| )- p.l9| ). This manifold is an 
ellipsoid. Indeed, due to positively definiteness of {hap) the matrix Gab has a signature 
(—,+,...,+), since the matrix {Gij) from (|2.471 ) has a signature (—,+,...,+) ||53|| . 
Due to relations {U\U^) < 0, (f/\ f/") = 0, (^7^ f/") ^Q for all s e S, and (|2:23|) 
the matrices {Bgs') and {Asgi) are positively defined and all /i^ > , s E S . Then, 
the quadratic form in ( |3.19| ) has a pseudo- Euclidean signature. Due to (f/\ f/^) < the 
intersection of the hyperboloid ( p.l9|) with the (multidimensional) plane U\z'^ = gives 
us an ellipsoid. Its intersection with the planes U^z^ = , s E S , give us to an ellipsoid, 
coinciding with S . 

Let us consider a function /| : £^ ^ R that is a restriction of the linear function ( |3.21| ) 
on S . Let b^, E £ be a point of maximum of f\ . Using the conditional extremum method 
and the fact that £ is ellipsoid we prove that 
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that 

bf = -S^ + hU'^ + J2 hsKU'^, (3.25) 

ses 

bl = 2Y.A^^'62i„ (3.26) 

s'eS 

s E S , A = {i,a) . Let us consider the function 
f{b, A) = fib) - X,U\b^ - ^ X.UXb^ - Ao ( E ^Ass'b'b'' + GABb^b"" + hA ,(3.27) 

where A = (Aq, Ai, A^) is a vector of Lagrange multiphers. The points of extremum for 
the function / from (|3.27 ) have the form (Ao6*,A) with b^ from (|3.25|) and 



Ao = ±l, Ai = l/(rfi-l), K = -2Y.KA'''b^i^,, (3.28) 

s G 5 . Then, the points 6* and —6* are the points of maximum and minimum, respec- 
tively, for the function f\ defined on the elhpsoid E . Since /(6*) = |/ii| , the only point 
satisfying the restriction /(6) > \hx\ is b = b^ . /^From ( |3.20|) we get 

E Ass'b'' = 2(52/, > ^^ 2 G /., (3.29) 

s'es 

for all s E S . The proposition is proved. 

We introduce a new radial variable R = R{u) by relations 

exp(-2/xM) = l--t = F, /i = Jcl, /i = fi/d > 0, (3.30) 

M > , R^>2n {d = di-l). We put 

c^ = 0, (3.31) 

q'{0) = 0. (3.32) 

A = (i, a) , s E S . These relations guarantee the asymptotical flatness (for R -^ +oo ) 
of the {2 + di) -dimensional section of the metric. 
Let us denote 

Hs = /se-^'o-, (3.33) 

s E S . Then, solutions (p.5|)-(pr7D may be written as follows 



g=[l[ i/f »'^(^»)/(^-2)) F-'dR ^dR + R^dn\ (3.34) 

ses '- 

-(n H;''')Fdt ®dt + E(n h;''''''')A 



sGS i=3 s&S 



exp((/p'^) = n ^"^"^ "% (3.35) 



sdS 



^" = E'^a.^^ (3.36) 

se5 



11 



where 



T' 






H n ^/^n ^^ A r(J, 



(3.37) 



s e Se, 

T' = Qsr{Is), (3.38) 

s & Sm- Here Qs 7^ , hs = K~^ ; parameters Kg ^ Q and the non-degenerate matrix 
{Ass') are defined by relations ( |2.52D and {Ass) = 2 , s E S . 
Functions if « > obey the equations 



dR \ H, dR 



/ s'G5 



A,,, 



(3.39) 



s G S" , where 5^ 7^ are defined in ( p.27|) and ( 2.28| ). These equations follow from 
Toda-type equations (|2.26|) and the definition (|3.30|) and ( p.33| ). 

It follows from ( p.lO| ), ( p.l7| ) and ( p.33| ) that there exist finite limits 



Hs -^ Hso ^ 0, 



(3.40) 



for i?'^ — i> 2/i , s & S . We note, that in this case the metric ( |3.34| ) does really have a 
horizon at R'^ = 2fi . 
/^From ( |3.32| ) we get. 

Hs{R = +00) = 1, (3.41) 

seS, 

The metric ( p.34|) has a regular horizon at R'^ = 2fi . The Hawking temperature 
corresponding to the solution is (see also [^ ^ for orthogonal case) found to be 



H 



4vr(2/.)V^-4i ^° ' 



(3.42) 



where Hgo are defined in (|3.4CI|) 

The boundary conditions ( fJ.40D and ( |3.41| ) play a crucial role here, since they single 
out, generally speaking, only few solutions to eqs. (|3.39| ). 

Moreover for some values of parameters fi = fi/d , Ss and Ql the solutions to eqs. 
(pl)-(l^) do not exist. Indeed, from { ^Jl7\ ), (|0^ ), (CT) , (|3T7|) , (lOl ), { ^2% and 
i W^ we get 



ETL=li' E hsA^' = \ E hsAss'r{Q)r'{Q) + Y.\^sQl 

^ s,s'&S -^^^ 



(3.43) 



s,s'g5 



ses 



Let the matrix {hgAss') be positive-definite (in this case matrix {Bss') is positive-definite 
too and all /i^ > ) . Then Etl > and 



s,s'es ses ^ 



(3.44) 
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If the parameters obey the relation 

0<fi' Y. hsA^' < E l^sQl (3.45) 

s,s'GS s£S ^ 

e.g. for Es = +1 and big enough Q^ , the solution under consideration does not exist. 

We note that the solution to eqs. ( |3.39| )-( P^^TD may not be unique. The simplest 
example occurs in the case of one p-brane, when hs > , Eg = +1 and fi'^hg > Ql ■ In 
this case we have two solutions to ( p.39| )- (|3.41| ) corresponding to two possible values of 

r(o) . 

Thus, we obtained a family of black hole solutions up to solutions of radial equations 
( p.39| ) with the boundary conditions ( p.40| ) and ( |3.41| ). In the next sections we consider 



several exact solutions to eqs. ( p.39| )-( p^ ) 

Remark 3. Let Mi = R and g^ = —di®di for some i > 3 . Then the metric ^3. 34\ ) 



has no a horizon with respect to the "second time" t for i? — > 2/i . Thus, we a led to 
a "single-time" theorem from j^^. Relation \3.22j from Proposition 1 coincides with the 
"no-hair" theorem from /|^/. 

4 Polynomial structure of Hg for Lie algebras 
4.1 Conjecture on polynomial structure 



Now we deal with solutions to second order non-linear differential equations (|3.39| ) that 
may be rewritten as follows 

^(£^-.)^4n/;-. (4.1) 



where iJ,(z) > , F = 1 - 2/^^ , /x > , z = R-'^ , B, = B,/d^ ^ . Eqs. (|^ and 
(g) read 

H,{{2fi)-' - 0) = H,o e (0, +oo), (4.2) 

Hs{0) = 1, (4.3) 

seS. 

It seems rather difficult to find the solutions to a set of eqs. ( [4.1| )-( ^l3| ) for arbitrary 
values of parameters fi , Bs , s G 5* and quasi-Cartan matrices A = {Agg') ■ But we may 
expect a drastically simplification of the problem under consideration for certain class of 
parameters and/or A -matrices. 

In general we may try to seek solutions of ( |4.1j ) in a class of functions analytical in a 
disc |2;| < L and continuous in semi- interval < z < (2/i)~^ . For \z\ < L we get 

oo 

i7,(^) = l + ^pW^^ (4.4) 

fc=i 

where PJ'^^ are constants, s G 5 . Substitution of (|4^ ) into (^A|) gives us an infinite 
chain of relations on parameters P^^' and Bg . In general case it seems to be impossible 
to solve this chain of equations. 
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Meanwhile there exist solutions to eqs. (^TTI 



of polynomial type. The simplest 



example occurs in orthogonal 


case 15,|8|,|9|, 36, 


M^ 


when 












{U\W') = B.,., 


= 






(4.5) 


for s ^ s' 
semisimple . 


s,s' e S. 
jie algebra A 


In this case {Ass') = 
L © . . . © Ai and 


diag 


(2,... 


,2) 


is a Cartan matrix for 








H,{z) = l + Psz, 






(4.6) 


with P, 7^ 


, satisfying 




PsiPs + 2^) = - 


-Bs, 






(4.7) 



seS. 



In p9| , |46| , ^ this solution was generalized to a block orthogonal case: 



s = SiU...uSk 



Si n s, 



^T^J, 



Si j^ ^ , i.e. the set 5* is a union of k non-intersecting (non-empty) subsets Si, 
and 



(4.8) 
■ J Sk 1 



for all s E Si , s' E Sj , i ^ j ; i,j = l,...,k. In this case 

HJz) = a + Psz)'K 



(4.9) 
is modified as follows 

(4.10) 



where 6q are defined in (|3.24|) and parameters Pg and are coinciding inside blocks, i.e. 
Ps = Ps' for s,s' E Si , i = 1, . . . ,k . Parameters Ps ^ satisfy the relations (^4.7|) and 
parameters Bg are also coinciding inside blocks, i.e. Bs = Bgi for s,s' E Si, i = 1, . . . ,k . 
In this case Hs are analytical in \z\ < L , where L = min(|Ps|^^, s E S). 

Let {Ass') be a Cartan matrix for a finite-dimensional semisimple Lie algebra Q . In 
this case all powers in ( p.24| ) are natural numbers |^ 



6g = 2 ^ A'^' = n, e N, 



(4.11) 



'G5 



and hence, all functions Hs are polynomials, s E S . 

Conjecture 1. Let {Ass>) be a Cartan matrix for a semisimple finite- dimensional 
Lie algebra Q . Then the solution to eqs. ([{.1[ )- ^17^ (if exists) is a polynomial 



Hs{z) = l + Y.Pi'^-^ 



(4.12) 



fc=i 



where PJ'^-* are constants, k = 1, . . . , n^ , integers Ug = b^ are defined in ( \4-ll\) and 

pM _^ , seS. 

In extremal case ( /i = +0 ) an a analogue of this conjecture was suggested previously 
in [03 
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4.2 Proof of Conjecture 1 for A^ and C, 



771+1 



First, we prove the Conjecture for simple Lie algebras Am = sl{m + 1) , m > 1 . Let us 
consider exact solutions to equations of motion of a Toda-cliain corresponding to the Lie 
algebra A^ [HI, ^ , 



f = -5,exp [Y^^ss'q'' 



(4.13) 



where 



{As 



1 ^ 


-1 


. 


. 


\ 


-1 


2 


-1 . 


. 








-1 


2 . 


. 











. 


. 2 


-1 


I 





. 


. -1 


2 / 



(4.14) 



is the Cartan matrix of the Lie algebra A^, and 5^ > , s, s' = 1, . . . , ?7i . Here we put 
S= {l,...,m}. 

The equations of motion ( [4.13| ) correspond to the Lagrangian 



1 m ra / m \ 

Lt = ^ Y. Ass'q'q'' - II 5s exp ^ Ass^q'' . 

s,s'=l s=l \s'=l / 



(4.15) 



This Lagrangian may be obtained from the standard one |5^ by separating a coordinate 
describing the motion of the center of mass. 

Using the result of A. Anderson [^ we present the solution to eqs. ( [4. 131 ) in the 
following form 



m+l 



Csexp(-g''(u)) = ^ Vr^---VrA'^{wr^,...,Wr,)e:>^v[{wr^ + ...+Wr,)u\, (4.16) 



r\<...<ra 



s = 1 , . . . , m , where 



-,..., .1 ly , 



^{Wr^i . . . ,Wr^ 



:) = n(^n 



W7. 



rH , A(WrJ = 1, 



i<j 



m+l m+l 

Y[Vr = A'^{Wi,...,Wrn+l), ^ m, = 0. 

r=l r=l 



In (p^) 



Cs=l[ b;/ 



(4.17) 



denotes the Vandermonde determinant. The real constants Vr and Wr , r = l,...,m + l, 
obey the relations 



(4.18) 



(4.19) 



where 



A' 



1 

m + l 



min(s, s')[m + 1 — max(s, s')], 



(4.20) 
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s,s' = 1, . . . ,m, are components of a matrix inverse to the Cartan one, i.e. (A*** ) 
{Ass')-^ (see Ch.7 in ra). Here 



Vr 7^ 0, Wr J^ Wr', T ^ r', 



(4.21^ 



r, r' = 1, . . . , 771 + 1 . We note that the solution with B^ > Q may be obtained ^from the 
solution with 3^ = 1 (see fS^]) by a certain shift q^ y-^ q'^ + 5^ . 
The energy reads [|60| 



-1 m m / m \ i m+1 

^ s,s'=l s=l \s'=l ) ^ r=l 

If -Bs > , s ^ S ^ then all Wr, f r are real and, moreover, all f ,. > , r = 1, . . . , ?ti + 1 . 
In a general case S^ 7^ , s G S", relations ( [4.16| )-( ^?T9| ) also describe real solutions 
to eqs. ( [4.13|) for suitably chosen complex parameters Vr and Wr ■ These parameters 
are either real or belong to pairs of complex conjugate (non-equal) numbers, i.e., for 
example, w\= w^-, V\ = V2- When some of Bs are negative, there are also some special 
(degenerate) solutions to eqs. (|4.13|) that are not described by relations ([4.16|) - ([4.19|) , but 
may be obtained from the latter by certain limits of parameters w^ ■ 

For the energy ( p.38| ) we get 



1 ^ h"^ ^ 
Etl = ^Et = - E w^. 



Here 



K. = K. 



h = K-\ 



(4.23) 



(4.24) 



s E S . Thus, in the A^ Toda chain case eqs. (|4.16| )- (|4.24| ) should be substituted into 
relations (p:25| ) and ( pT)) . 



Now we consider A^ -solutions with asymptotics (|3.1CI| ). In this case all wi, . . . , Wm+i 
are real and without loss of generality wi < . . . < Wm+i ■ For 6q = Ug from ( |3.24[ ) we get 



ii 



Us 



,m , OT explicitly 



m, 



bl 



s{m — s + 1), 



2(m-l),...,6™ 



m. 



^,From ( glOD , ( gTzD , Ji = v^ and d^JBj ) we get ( Wi < . . . < w^+i ) 



fxbl = fim = w. 



m+l; 



yu6o = 2/i(m -I) =Wm + Wm+ 



1) 



(4.25) 
(4.26) 



(4.27) 
(4.28) 



These relations imply 



/i6™ = jjim = W2 + ■ ■ ■ + w~ 



m+l- 



w^+i = /im, Wm = li{rn-2),...,wi 



-/jm, 



(4.29) 



(4.30) 
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or, 



w^ 



(2j - m - 2)fi, 



j = 1, . . . ,m + 1 . From ( [4.16| ) and ( |4.30| ) we get 



where a^''^ are constants, k 
obtain the relations 



(0) UsflU 



d'^)J'ris-2)fj.u 



(ns)p-nsnu 



(4.31) 



(4.32) 



1 n. 



a 



{Us) 



^ 0. Hence, due to iWM) . O we 



H. 



-q'—nsfiu 



al°) + a«F + . . . + a^)F"% 



(4.33) 



equivalent to (|4A2|) ( af^ + a^ + . . . + ai"=) = 1) with «("=) = P^""^^ ^0, s = l,...,m. 
Thus, the Conjecture is proved for the Lie algebras Q = Am , m > 1 . 

Now we prove the Conjecture for simple Lie algebras Cm+i = sp{m + 1) , m > 1 . 
(Remind that for m = 1: C2 = -B2 = so(5)). The Cartan matrix for the Lie algebra 
C'm+i {m > 1) reads 



{Ass') 



( 2 







-2 
2 -1 
-1 2 





V 



















\ 







-1 



-1 

2 ) 



(4.34) 



s, s' = 0, ...,7T7,. The set of equations ( [4.1| ) with the Cartan matrix ( 4.34 ) and s = 
0, ... ,171 , may be embedded into a set of equations ( |4.13| ) corresponding to the Cartan 
matrix of the Lie algebra A2m+i (see ( [4.14|) ) with s = —m, . . . ,0, . . . ,m , if the following 
identifications : B^k = Bk and H^k = Hk , k = 1, . . . ,m , are adopted. This proves the 
Conjecture for Cm+i , since it was proved for A2m+i ■ 



5 Some examples 

5.1 Solution for A2 

Here we consider some examples of solutions related to the Lie algebra A2 = sl{3) . 
According to the results of previous section we seek the solutions to eqs. ([4.1|)-(^73D in 
the following form (see (|4.12| ); here ni = n2 = 2 ): 



Hs 



l + PsZ + P^^^z\ 



(5.1) 



where Ps = P^^^ and P^^ 7^ are constants, s = 1,2. 

The substitution of ( pTTP into equations (|4.1|) and decomposition in powers of z lead 
us to the relations 



~Ps{Ps + 2fi) + 2PP = Bs, 

-2P^^\Ps + Afi) = Ps+iBs, 

-2Pf(/.P. + Pf)=PijA 



(5.2) 
(5.3) 
(5.4) 
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corresponding to powers z^,z^, z^ respectively, s = 1, 2 . Here we denote s + 1 = 2, 1 for 
s = 1, 2 respectively. For Pi + P2 + 4/i 7^ the solutions of (|5.2|)-(|5l^) read 



p(2) _ PsPs+ljPs + 2/i) 

^ ~ 2(Pi + P2 + 4/i)' 



(5.5) 



P. = _PsiPs + 2,m + A,) 

Pl + P2 + 4/i ' ^ ^ 

s = 1, 2 . For Pi + P2 + 4yU = there exist also a special solution with 

Pi = P2 = -2/i, 2Pf ) = P. > 0, Pi + P2 = 4/i2. (5.7) 



Thus, in the y42-case the solution is described by relations ( p.34| )-( p73^ ) with S 
{si,S2} , intersection rules (|2.52|) , or, equivalently. 



d{is. n u = ^il^^ - xs^xs^a., ■ A.., - Ik, (5.8) 

d{lsj - ^§^ + A,,,^ ■ A,,^ = K, (5.9) 



where K = Kg^ 7^ , and functions P^. = Hi are defined by relations (|5.1| ) and (|5.5|) - (|5.7|) 
with z = R-^, i = 1,2. 

5.2 yl2-dyon in D = 11 supergravity 

Consider the "truncated" bosonic sector of P = 11 supergravity ("truncated" means 
without Chern-Simons term). The action (|2.1| ) in this case reads |51[ 



Str = j^^ d''z^\ [R[g] -\f']- (5.10) 

where rankP = 4 . In this particular case, we consider a dyonic black-hole solutions with 
electric 2 -brane and magnetic 5 -brane defined on the manifold 

M = (2/i, +CX)) X (Ml = S^) X (M2 = R) X M3 X M4, (5.11) 



where dimMs = 2 and dimM4 = 5 . 
The solution reads, 



S = Hl"Hr{^^§^ + R'dill (5.12) 

2/i^ 



-H^'H^' (1 -^yt0dt + H^'g' + H^'g^y 



F = -%H^^H2dR AdtAr3 + Q2T1 A Ts, (5.13) 

where metrics g^ and g^ are Ricci-flat metrics of Euclidean signature, and Hg are defined 
as follows 

P P(2) 

H. = l + ^ + -^. (5.14) 



where parameters Ps , /i > and Pp^ , Bg = B^ = —2Ql , s = 1,2 , satisfy relations 



31) and d; 

The solution describes y42-dyon consisting of electric 2-brane with world sheet iso- 
morphic to (M2 = R) X M3 and magnetic 5-brane with worldsheet isomorphic to 
(M2 = R) X M4 . The "branes" are intersecting on the time manifold M2 = R . Here 
Ks = (f/", f/') = 2 , es = -1 for all s e S. The A2 intersection rule reads (see (^321) ) 

2n5 = l (5.15) 

Here and in what follows (pi np2 = d) 4^ {d{I) = pi + 1, d{J) = p2 + I, d{I H J) = d) . 
The solution ( ^.12|) , (|5.13| ) satisfies not only equations of motion for the truncated 



model, but also the equations of motion for D = 11 supergravity with the bosonic sector 
action 



S = Str + c AAF AF (5.16) 

JM 

(c = const , F = dA), since the only modification related to "Maxwells" equations 

d*F = const F A F, (5.17) 

is trivial due to F A F = (since Tj A Tj = ). 

This solution in a special case Hi = H2 = H"^ {Pi = P2 , Q\ = Q'i) was considered 



m 



47| . The 4-dimensional section of the metric ( p.l2| ) in this special case coincides with 
the Reissner-Nordstrom metric. For the extremal case, ix -^ +0 , and multi-black-hole 



generalization see also Ell . 



5.3 yl2-dyon in Kaluza-Klein model 

Let us consider 4-dimensional model 

S = j^^ d*z^\[R[g] - g^^d^^d,^ - ^ exp[2X^]F'^^ (5.18) 

with scalar field ip , two-form F = dA and 



A = -^372. (5.19) 



This model originates after Kaluza-Klein reduction of 5 -dimensional gravity. The 5- 
dimensional metric in this case reads 

(,(5) = (f)g^^dx>' ® dx" + (l)~\dy + A)(S) (dy + A), (5.20) 

where 

A=V2A = V2A^dx'', (f) = exp{2ip/V6). (5.21) 

We consider the dyonic black-hole solution carrying electric charge Qi and magnetic 
charge Q2 , defined on the manifold 

M = (2/i, +00) X (Ml = S^) X (M2 = R). (5.22) 
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This solution reads 



{H1H2) 



f.(dR^dR 

1 1 - 2fi/R 2 


-H^'H,'(l ^^)rft®rft}, 


(5.23) 




exp(^) = H^/'H^'/\ 


(5.24) 


F = dA-- 


= -%H^^H2dRAdt + Q2Tu 


(5.25) 



where functions Hs are defined by relations (|5.1|) , (|5.5|) and ( ^.61) with Bs = —2Q^ 
z = R-^ 

For 5-nietric we obtain from ( ^.20| )-( p.24| ) 

dR(g)dR 



s = 1,2; where Ti is volume form on S"^ . 
ic we o 

9^'^ = H, 



1 - 2^l/R 



+ R^dnl - H^^H^^ (l -'^\dt® dt\ 
+HiH2\dy + A)0 {dy + A), 



5.26) 



dA = V2F . 

For Q2 — ^ we get the black hole version of Dobiash-Maison solution from [Q and 
for Qi — > we are led to the black hole version of Gross- Perry-Sorkin monopole solution 
from [^ ^] , see |^ . The solution agrees with that of [^ . 



6 Post-Newtonian approximation 

Let di = 2 . Here we consider the 4-dimensional section of the metric (|3.34|) , namely, 



9 



(^) = f/ 



dR®dR 



+ R^d^l -Ui(l- '^\ dt ® dtl, 



1 - 2/i/i? 
in the range R> 2fi , where 

U = TT^M(/,)h»/(D-2)^ 



seS 



Ui=Y[H. 



-2h, 



(6.1) 

(6.2) 
(6.3) 



ses 



Let us imagine that some real astrophysical objects (e.g. stars) may be described (or 
approximated) by the 4-dimensional physical metric ( |6.1|) , i.e. they are traces of extended 
multidimensional objects (charged p-brane black holes). 

For post-Newtonian approximation we restrict ourselves by the first two powers of 
1/R, i. e. 



p P(2) 

R 



i?2 +''^i?3' 



(6.4) 



for R -^ +00 , s E S . 

Introducing a new radial variable p by the relation 



/i 



^^n'^^ 



(6.5) 
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p > /u/2), we may rewrite the metric (6J.) in the 3-dimensional conformally-flat form 

,2 



g(^) = u\ -Ui^ ^rft ®dt+il + -^] 6^jdx' ® dx^ L (6.6) 



4 

2P. 



where p^ = |xp = 6ijx''x^ {i,j = 1,2,3). 

For possible physical applications, one should calculate the post-Newtonian parameters 
(3 and 7 (Eddington parameters) using the following standard relations 



gii = -(1 -2V + 2(3V^) + 0{V^), (6.7) 

(4) 
lij 

i,j = 1, 2, 3 , where. 



gff = %(1 + 27V) + 0(V^), (6.8) 



V = ^ (6.9) 

P 

is Newton's potential, G is the gravitational constant and M is the gravitational mass. 
From (|6^ )- (|6.9| ) we deduce the formulas 

GM = p + j:h,P,(^l-^^ (6.10) 



and 






se5 
7-1 



For special "block-orthogonal" solutions see [^ . 

Now, we show that in general case, like in [0, the parameter (3 is defined by the 
charges squared Q^ of p-branes (or, more correctly, by the charge densities squared) 
and signature parameters Eg- Indeed, from ( |3.39|) we get in zeroth order of 1/R- 
decomposition: 

P2 + 2/iP, - 2PP = -B, (6. 13) 



with Bg defined in (|2.27| ) , s E S . Hence 



Here we succeeded in presenting of (3 in terms of ratios of physical parameters: 
Qs/GM . This parameter is obtained without knowledge of the general solution for Hg 
and does not depend upon the quasi-Cartan matrix and, hence, upon intersections of p- 
branes. The parameter 7 depends upon ratios Pg/GM , where Pg are functions of GM , 

21 



Qs and A = {Ass>) . The calculation of 7 needs an exact solution for radial functions 

Relations ( |6.12| ) and ( |6.14|) coincide with those obtained in |^6| , ^] for block-orthogonal 
case, when charges Qs (and Ps ) are coinciding inside blocks. 

For the most interesting from "physical point' of view p-brane solutions with Es = —1 



and d{Is) <D-2 (for all s e S) (|6l4l ) implies 



(6.15) 



7 Extremal case 

7.1 "One-pole" solution 

Here we consider the extremal case: n —>■ +0 . The relation for the metric ( |3.34| ) reads in 
this case as follows 



s€S ^ 

n -. 

-(n H;^''^)dt ® rft + x:(n ^s^^'^'^o^' [ ' 



(7.1) 



s€S 



i=3 seS 



and the relations for scalar fields and fields of forms (|3.35|) - (|3.38|) are unchanged. Here 
Hg = Hs{z) > , z = R~'^ and the following relations are satisfied 






-^„' 



^s(O) 



E' 



J2 



d 



d 



TL 



J2 hAsA:r^riHs)—lnHs^ + J2AsY[H^, 



A,,, 



s,s'£S 



^ dz 



dz 



(7.2) 
(7.3) 



sg5 s'eS 



where Bs = Bs/d"^ 7^ , and Bg , Ag are defined in ( |2.271 ), s E S . These solution may 
be obtained as a special case of solutions from Sect. 2 with 



Ci = Etl = c' 



0, 



(7.4) 



A = {i,a) and u = z/d (see (|3.33|) ). 

Conjecture 2. Let {Agg') be a Cartan matrix for a semisimple finite- dimensional 
Lie algebra. Then the solution to eqs. ^7.3i )-( f77^ ) for Bg < , s E S , is uniquely defined 
and is a polynomial 



if.(z) = l + EPf). 



(7.5) 



fe=i 



where PJ^^ are constants, k = 1, . . . ,ng , integers Ug = 6q are defined in ( \4-ll\ ) ^''^^ 
pM ^ , seS. 

This conjecture was suggested (in fact) previously in |3^. The coefficients Pj"'^) = 
Cg > may be calculated by substitution of asymptotical relations 



Hg{z) ~ CgZ^'o, z ^ 00 



(7.6) 
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into eqs. ( [7.2|) , ( fO|) , s & S . This results in the relations 

Cs=Ui-boB,r'. (7.7) 



s'es 



s e S. We remind that {A''') = (A,,/)-i 

We note that the asymptotical relations ( [7l6|) are satisfied in a more general case, 
when Bsb^ < , s G S" . 

Let us consider the metric ( [7.1|) with if^ obeying asymptotical relations ( [r.6|) . We 
have a horizon for R —>■ +0 , if 

e = E ^^^0 - J^ > 0, (7.8) 

where (io = (ii + 1 . This relation follows from the requirement of infinite time propagation 
of light to R^ +0. 

For fiat internal spaces Mj = R*^' , i = 3, . . . , n , we get for the Riemann tensor 
squared (Kretschmann scalar) [^ 

RMNPQ[g]R''''''%] = [C + o(l)]i?^('^«-2)'' (7.9) 

for R ^ +0 , where 



and C > {C = const ). Due to (7^) the metric {TA) with fiat internal spaces has no 



curvature singularity when i? ^ +0 , if 

ri>0. (7.11) 



For hsb^ > , d{Is) < D — 2 , s & S , we get rj < ^ and relation ( |7.11| ) single out 
extremal charged black hole with p-branes and fiat internal spaces. 

7.2 Multi-black-hole extension 

The solutions under consideration have a Majumdar-Papapetrou-type extension defined 
on the manifold 

M = Mo X (M2 = R) X . . . X M„, (7.12) 

The solution reads 

^^ (j|^2...(/.)/(D-2)) r 0_ (j|^-2..)^,^^,^^(^J|^-2....^^ (7.13) 

exp(^") = n ^''''^'"% (7.14) 

^'^ = E'^a^•^^ (7.15) 
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where 

^' = a [ n H:,^'A dHAriQ, (7.16) 

s E Se , and 

J'' = Q,{*odH)Ariis), (7.17) 

s E Sm ■ Here 

i = {2,...,n}\I (7.18) 

(yf*^ = g^ {x)dx^ ® dx'^ is a Ricci-flat metric on Mq and *o = *[fl'°] is the Hodge operator 
on {Mo,g^) and 

Hs = HsiH{x)), (7.19) 

where functions Hg = Hs{z) > , z E [0, +oo) , s E S , satisfy the relations ( [7.2|) and 
( [7.3|) and H = H{x) > is a harmonic function on [Mq^q^] , i.e. 

A[^°]i7 = 0. (7.20) 

Here A [g'^] is the Laplace-Beltrami operator corresponding to g'^ . This solution is a 
special case of the solutions from ||9| corresponding to restrictions ( [7.4| ). 

Let us consider as an example a flat space: Mq = R"\X, do > 2 and g^ = 
S/^^dx^ ® dx'^ and 

where X is finite non-empty subset X C Mq and all g;, > for b E X . For flat 
internal spaces Mj = R', 2 = 3,. ..,n, and non-negative indices rj and ^ (see ( [7.8]) and 
( [7.11| )) the solution describes a set of |X| extremal p-brane black holes. Here relations 
H{x) -^ for |a;| — > -|-cx) and Hs{0) = 1 {s E S) imply the asymptotical flatness of 
the (1 + (io) -dimensional section of the metric. A black hole corresponding to a "point" 
(horizon) b E X carries brane charges QsQb , s E S . Since the solution is invariant under 
the replacement of parameters: Qs i— > aQs , <ib^* Qs/oi , a > , b E X , s E S , we may 
normalize parameters qi, by the restriction 



E ^^ = 1- (7-22) 

b£X 



8 Conclusions 



Thus here we obtained a family of black hole solutions with intersecting p-branes with 
next to arbitrary intersection rules, see relations ( p.22|) , ( p.23|) and Restriction 1. (Re- 



striction 2 is satisfied, since all p-branes have a common time manifold.) The metric of 
solutions contains n — 1 Ricci-flat "internal" space metrics. The solutions are defined up 
to a set of functions Hg obeying a set of equations (equivalent to Toda-type equations) 
with certain boundary conditions imposed. We suggested a conjecture on polynomial 
structure of Hg for intersections related to semisimple Lie algebras and proved it for Am 
and Cm+i algebras, m > 1 .. We obtained explicit relations for the solutions in the A2 
case and considered two examples of 742-dyon solutions: one in D = 11 supergravity 

24 



and another in 5 -dimensional Kaluza-Klein theory. We also calculated post-Newtonian 
parameters (3 and 7 corresponding to 4 -dimensional section of the metric. We presented 
/? as a function of ratios of physical parameters: charges Qg and mass M . The parame- 
ter P does not depend upon intersections of p-branes. The parameter 7 depends upon 
intersections. Its calculation needs an exact solution for radial functions Hg . We also 
obtained extremal black hole configurations. 
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